In two previous papers we presented the LARES 2 space experiment aimed at a very accurate test of frame-dragging and at other tests of fundamental physics and measurements of space geodesy and geodynamics. We presented the error sources of the LARES 2 experiment, its error budget and Monte Carlo simulations and covariance analyses confirming an accuracy of a few parts in one thousand in the test of frame-dragging. Here we discuss the impact of the orbital perturbation known as de Sitter effect, or geodetic precession, in the error budget of the LARES 2 frame-dragging experiment. We show that the uncertainty in de Sitter effect has a negligible impact in the final error budget because of the very accurate results now available for the test of de Sitter precession and because of its very nature. The total error budget in the LARES 2 test of frame-dragging remains at the level of about 0.2%, as determined in the first two papers of this series.
Introduction to the de Sitter effect
The LAGEOS-LARES 2 space experiment is designed to achieve a new, accurate measurement of the General Relativistic frame dragging due to the rotation of the Earth. Analytical estimates, covariance studies, and Monte Carlo simulations concur that the expected error level in this effect is of order 0.2%, as shown in previous papers in this series ( [1, 2] ). In addition to the frame-dragging, gravitomagnetic effect, there is another general relativistic perturbation of an orbiting gyroscope, relative to an asymptotic inertial frame: the de Sitter or geodetic (or geodesic) precession [3] (see also [4] ) This precession is due to the coupling between the velocity of a gyroscope orbiting a central body and the static part of the field (Schwarzschild metric) generated by the central mass.
The de Sitter precession can be derived by Fermi-Walker [5] transport along the worldline of a test-gyroscope. We first consider a spacelike spin four-vector S α at each point of a timelike curve x α (s) with tangent vector u α . We thus have: S α u α = 0. According to special relativistic kinematics and to the medium strong equivalence principle (all the laws of physics are the laws of special relativity in a local inertial frame [6, 7, 8, 9] ), the spin vector S α obeys Fermi-Walker transport along the curve:
where a β ≡ u β ;γ u γ is the four-acceleration of the test-gyroscope and the semicolon denotes the covariant derivative. Suppose the timelike curve is a geodesic. (Any test-particle in the gravitational field of a massive body follows a timelike geodesic of the spacetime; a timelike geodesic path-world line-in spacetime's Lorentzian geometry is one that locally maximizes proper time, in analogy with the length-minimizing property of Euclidean straight lines. This is the case for a satellite in free fall, affected only by gravitational forces. A geodesic has zero four-acceleration.) Then we have: u β ;γ u γ = 0 and therefore: S α ;β u β = 0. In this case the Fermi-Walker transport is just the parallel transport along the geodesic. Hence the orbital angular momentum of a satellite around the Earth is parallel-propagated as the Earthsatellite system orbits the Sun. The spacetime metric generated by a matter distribution with rest-mass density ρ can be written, in a weak gravitational field, at the order of approximation beyond Newtonian theory (the post-Newtonian order) in terms of the standard Newtonian potential U , solution of ∆ U = −4 π ρ. In isotropic coordinates, we have [8, 10] :
where β and γ are the two main post-Newtonian parameters, both equal to 1 in general relativity, representing respectively the non-linarity in the superposition law for gravity of the gravitational interaction (interpretation valid only in the so-called standard PPN gauge) and the amount of space curvature produced by a mass [8, 10] . For simplicity, in expression (2), we have set equal to zero the other PPN parameters characteristic of preferred-frame, preferred-location and non-conservative theories. For β and γ equal to 1, in standard non-isotropic coordinates, the metric is just the post-Newtonian approximation of the Schwarzschild metric [7, 8] .
To analyse the behaviour of the orientation of the spin of a test-gyroscope with respect to an asymptotic inertial frame, i.e. with respect to the distant stars (assuming that the universe is not rotating [8] ), we introduce, at each point along the timelike world-line of the test-gyroscope, a local orthonormal frame [11] :
The index between parentheses: µ ǫ ( 0, 1, 2, 3 ) is the label of each vector of the local tetrad, or local vierbein (the indices between parentheses can be raised and lowered using η αβ and η αβ , i.e. the Minkowski metric, and as usual the standard indices using g αβ and g αβ .) By construction the timelike vector of this tetrad is the fourvelocity of the test-gyroscope: λ α (0) ≡ u α and the spatial axes of the tetrad are non-rotating with respect to an asymptotic frame where g αβ → η αβ . In other words the spatial axes are non-rotating with respect to a local orthonormal tetrad at rest in the asymptotically flat coordinate system of the metric (2) . Therefore, the spatial axes of the tetrad are not FermiWalker transported along the timelike world line of the test-gyroscope, but are obtained at each point with pure Lorentz boosts-with no spatial rotations-between a local frame at rest in the coordinate system of the asymptotically flat, post-Newtonian, metric (2) and an observer moving with the test-gyroscope along the curve x α (s) with four-velocity u α . The spatial axes λ (i) of this local frame may be thought of as physically realized by three orthonormal telescopes, always pointing towards the same distant stars fixed with respect to the asymptotic inertial frame where: g αβ −→ η αβ (negecting abberation, which produces periodic variations in the pointing direction, but which averages out over one orbit). The vector S α may be thought of as physically realized by the spacelike angular momentum vector of a spinning particle or test-gyroscope. Since S α is a spacelike vector: S α u α = 0, in the local frame λ (α) we get :S (0) = 0. After some calculations, we finally get, at the post-Newtonian order.
where ǫ (i) (j) (k) is the Levi-Civita pseudotensor and the comma ,m denotes the standard partial derivative with respect to x m and in standard vector notation:
where S ≡ S α λ α (i) and ∇ is the standard gradient operator. This is the precession of a gyroscope with respect to an asymptotic inertial frame in the spacetime metric generated by a static distribution of matter. The first term of (4) is the Thomas precession, due to the non-commutativity of non-aligned Lorentz transformations and to the non-gravitational acceleration a. The second term is the de Sitter or geodetic precession [3] (see also [4] ), which may be interpreted [7, 8, 10] as due to a part (contributing with 1 2 ) analogous to the Thomas precession, arising from the non-commutativity of non-aligned Lorentz transformations of special relativity and to the gravitational acceleration ∇ U , that is due to Fermi-Walker transport and to the gravitational acceleration (that might be derived even in the flat spacetime of special relativity), plus a part (contributing with γ) due to Fermi-Walker transport and to the space curvature of General Relativity measured by the γ parameter. In other words the de Sitter precession is the sum of two parts. One part, with factor 1 2 , is due to the time-time component of the metric tensor: g 00 (in standard post-Newtonian coordinates). If one writes: g 00 ≃ − 1 + 2 U − 2 β U 2 , this effect is due to the second term in g 00 . The other part, parametrized by γ (equal to 1 in General Relativity), is due to the spatial curvature measured by γ in the space-space components of the metric g ij ≃ ( 1 + 2 γ U ) δ ij . This effect was discovered in 1916 by de Sitter [3] (see also [4] ) Thus, in the weak field, slow motion limit, the de Sitter precession of a gyroscope orbiting a central mass M , where U = M/r is given by:
where v is the velocity of the orbiting gyroscope, r the distance from the central mass to the gyroscope and M the mass of the central body as measured in the weak field region. For the Earth -satellite gyroscope orbiting the Sun, this precession is about an axis perpendicular to the ecliptic plane: n. The orbital plane of a satellite orbiting the Earth, such as LARES 2, LAGEOS or the Moon, may be thought of as a huge gyroscope orbiting the Sun and is thus affected by the solar de Sitter precession. Thus the solar de Sitter precession changes the nodal longitude of any satellite orbiting the Earth, measured relative to an asymptotic inertial frame, by:
19.2 milliarcsec/year × cos 23.
where 23.5 o is the obliquity of the ecliptic. The de Sitter effect on a gyroscope due to the mass of the Sun has been accurately measured on the Moon-Earth "gyroscope" by Lunar Laser Ranging (see next section). The de Sitter effect on a gyroscope orbiting the Earth, due to the mass of the Earth, was measured by the Gravity Probe B experiment, but the Earth's de Sitter effect does not directly affect the LAGEOS -LARES 2 observation.
2 Nature of the de Sitter effect and its impact in the accuracy of the LARES 2 experiment
The de Sitter precession is a simple consequence of the gravitational field generated by a static, non-rotating, mass and has been measured, in weak field, by a huge number of highly accurate experiments (see, e.g. [8, 10, 12, 13, 14] ). On the other hand, the frame-dragging effect is a consequence of the gravitational field of a rotating mass (such as a spinning black hole or the spinning Earth). For a discussion on the interpretation of the Lunar Laser Ranging observation of frame dragging, see, e.g. [15] . The only tests of the spacetime solution of Einstein's General Relativity generated by a rotating mass (which has a key role in a number of astrophysical processes such as the emission of gravitational waves by a system of two coalescing spinning black holes) have been the LAGEOS plus LAGEOS 2, GP-B, and LARES tests, which have moderate accuracy. The LARES test is so far the most accurate test of frame-dragging with an uncertainty of about 5%, and is aimed to reach an uncertainty of about 2%. The LARES 2 experiment will improve the tests of frame-dragging to reduce the total error to a few parts in a thousand.
The de Sitter precession adds to the frame-dragging, but there exists no viable theory of gravitation that is both in agreement with all the existing tests of gravitational physics, and that predicts a solar system violation of the de Sitter precession at a level larger than 8.7 × 10 −6 (about 9 parts per million) of the value predicted by General Relativity, negligible at the level of the frame-dragging accuracy.
The frame-dragging is independent of the de Sitter precession: there are indeed viable gravitational theories (such as the Chern-Simons theory and other f(R) theories ( [16] ) which agree with all the gravitational tests except frame-dragging. The Chern-Simons gravitational theory is equivalent to heterotic string theories of type II with relevant implications for the explanation of one of the biggest riddles of physics today, the nature of dark-energy and quintessence, a mysterious form of energy calculated to constitute 70% of our universe. These theories predict a different outcome than General Relativity for frame-dragging around a rotating body, such as the Earth or a spinning black hole ( [16] ).
In the slow motion weak field situation appropriate for satellite motion near the Earth, both the Earth's dimensionless gravitational potential and the Sun's are small, of order 10 −8 or less. Then the post Newtonian approximation holds for that satellite motion and the de Sitter precession, as derived in the previous section, can be written as the simple expression Eq.
(5). As discussed in section 1, the first term 1 2 in Eq. (5) can be interpreted as the Thomas precession, an essentially Special Relativity effect under the central gravitational acceleration toward the mass M . The second term is proportional to the post Newtonian parameter γ which describes the spatial curvature generated by the non-rotating central mass. Thus the deSitter precession is a simple consequence of Special Relativity, of the extremely well tested equivalence principle (freely falling test particles follow timelike geodesics) and of the space curvature generated by a static mass, as parametrized by γ.
In the solar system, γ has been measured by a large number of experiments. The most accurate determination of γ so far is its measurement by the CASSINI spacecraft in the gravitational field of the Sun ( [17] ), with an accuracy of about 2.3 × 10 −5 (we emphasize that the orbital plane if the LARES 2 satellite will be affected by the de Sitter precession due to the mass of the Sun.) From Eq. (5) this implies fractional error in the de Sitter precession of 2 3 the fractional error in γ, yielding a fractional error about 1.53 × 10 −5 in the value of the de Sitter precession in the field of the Sun. The de Sitter precession perturbs the node of the LAGEOS satellite with a shift of 17.6 milliarcsec/yr (see the previous section and [18] ). Therefore the uncertainty in the de Sitter precession on the LAGEOS node is about 1.53 × 10 −5 × 17.6 milliarcsec/year = 2.7 × 10 −4 milliarcsec/yr. The total frame-dragging effect on the node of LAGEOS is about 31 milliarcsec/yr (as first calculated in [19, 20] ), giving a fractional error in the frame dragging at a level of (2.7 × 10 −4 milliarcsec/yr)/(31 milliarcsec/yr) = 8.7 × 10 −6 , which is negligible in the LARES 2-LAGEOS measurement of frame-dragging.
Direct tests of the de Sitter effect
Instead of considering the tests of the space curvature parameter γ one could consider only experiments directly measuring the de Sitter precession. The solar de Sitter precession was directly measured by the Lunar Laser Ranging (LLR) experiment, with an accuracy of about 5 × 10 −3 [14] . Translated to frame dragging, this error by itself amounts to (5 · 10 −3 × 17.6 milliarcsec/yr)/(31 milliarcsec/yr) = 0.28% error. However the group of the Leibniz Universität Hannover has recently announced [21, 22] that they have reanalysed the LLR data finding a value of the lunar geodetic precession measured to an accuracy of 1 × 10 −3 . This gives a 0.06% contribution to the LARES 2 frame dragging determination, still keeping the total (RSS) error budget at the level of about 0.2%.
In conclusion, the results summarized in Table 1 show that the error due to the uncertainty in de Sitter effect is negligible in the measurement of frame-dragging with LARES 2. [21, 22] 0.06% error in the LARES 2 test of frame-dragging ≈ 0.2% total e.b. Table 1 : The error introduced by the de Sitter precession in the test of frame-dragging using LARES 2 and its impact in the total error budget.
Summary and Conclusions
To summarize the situation with respect to the error in knowledge of the de Sitter precession: a) if we consider the solar system tests of General Relativity, mainly testing the gravitational field generated by the static, nonrotating, mass of the Sun, then the test of the space curvature parameter γ (known with an uncertainty of about 2.3· 10 −5 ) implies a fractional uncertainty of about 8.7 · 10 −6 in the test of frame-dragging by the LARES 2 experiment; b) if one insists on considering only the direct tests of the de Sitter precession on Earth satellites by the Sun, then the recent results of reanalysis of the LLR data have an uncertainty of 1 ×10 −3 in the measurement of the de Sitter precession which implies a fractional uncertainty of about 0.06% in the test of frame-dragging by the LARES 2 experiment. In both cases, as summarized in Table 1 , the error introduced by the uncertainty in de Sitter precession is negligible in the measurement of frame-dragging with LARES 2 and the total error budget in the LARES 2 test of frame-dragging remains at the level of about 0.2%, as found in earlier papers in this series.
